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An efficient route to the displacement field around a rigid spherical inclusion in an infinitely
extended homogeneous elastic medium is presented in a slightly alternative way when compared
to some common textbook methods. Moreover, two Faxe´n relations of next-higher order beyond
the stresslet are calculated explicitly for compressible media. They quantify higher-order moments
involving the force distribution on rigid particles in a deformed elastic medium. Additionally, the
displaceability and rotateability matrices are calculated up to (including) sixth order in inverse
particle separation distance. These matrices describe the interactions mediated between the rigid
embedded particles by the elastic environment. All methods and results can formally be transferred
to the corresponding case of incompressible hydrodynamic low-Reynolds-number Stokes flow by con-
sidering the limit of an incompressible environment. The roles of compressibility of the embedding
medium and of the here additionally derived higher-order contributions are highlighted by some
selected example configurations.
I. INTRODUCTION
A basic analytical solution provided by low-Reynolds-
number hydrodynamics concerns the flow past a uni-
formly translating or rotating rigid spherical particle in
an incompressible, infinitely extended, and otherwise qui-
escent fluid. It is explicitly treated by many classical
textbooks, see, for example, Refs. 1–3. The flow field
that is created around the sphere under no-slip surface
conditions is referred to as Stokes flow. A complemen-
tary problem concerns the situation, in which a sphere is
immersed in a fluid, where it is subject to a given flow
field. The sphere is then translated and rotated by the
flow. In this case, to find the translational and angu-
lar velocity of the particle, the so-called Faxe´n relations
may be employed [1–4]. These relations allow to deter-
mine the velocity, the angular velocity, and the stresslet
that a rigid sphere acquires in an arbitrary imposed flow
field. The solutions to both problems are important tools
to calculate the hydrodynamic interactions between the
spheres within semidilute many-sphere systems in the
form of mobility matrices [2, 3, 5]. Refs. 1–3 themselves
cite many related works.
The formal similarity between the incompressible low-
Reynolds-number hydrodynamics problem and the cor-
responding problem in linear elasticity theory has been
noted several times. In the hydrodynamic formulation
[1–3], there is only one material parameter, namely the
shear viscosity η of the incompressible fluid. In lin-
ear elasticity theory, an infinitely extended and isotropic
compressible homogeneous medium is described by two
material parameters [6, 7]. First, the shear modulus µ is
∗ puljiz@thphy.uni-duesseldorf.de
† menzel@thphy.uni-duesseldorf.de
the elastic analogon to the hydrodynamic shear viscosity.
The second parameter determines the compressibility of
the material, for instance, in the form of the Poisson ratio
ν. It is thus possible to obtain the hydrodynamic expres-
sions from the linearly elastic equations by assuming the
elastic material to be incompressible, which formally cor-
responds to taking the limit of ν → 1/2. Then, passing
to the hydrodynamic case, the elastic displacement field
is replaced by the hydrodynamic flow field and the shear
modulus µ by the hydrodynamic viscosity η. The meth-
ods employed in the present work can in this way directly
be transferred to hydrodynamic situations of incompress-
ible fluid flows.
In the following, we address the two initially
stated problems for compressible linear elasticity theory,
thereby extending results in earlier works [8, 9]. First, we
present a straightforward, slightly alternative approach
to the well-known displacement field created by a uni-
formly translated and rotated sphere, which we have not
found in the mentioned textbooks of hydrodynamics (for
the Stokes flow past a sphere) nor in corresponding liter-
ature for linear elasticity theory [7, 10]. Here, the frame-
work of the multipole expansion is used in combination
with an ansatz for the force density (compare, e.g., to
Refs. 2 and 10, which use the multipole expansion in the
same context, but rather present the final expressions
that satisfy the boundary conditions and the underlying
equations). We use an ansatz for the surface force den-
sity on the sphere [3] and show how this ansatz, when
inserted into the multipole expansion, leads to the famil-
iar results that satisfy the requirements on the solutions.
As for the second problem, we calculate the third- and
fourth-rank Faxe´n laws beyond the stresslet for a com-
pressible medium, following the route outlined in Ref. 4
for the incompressible hydrodynamic case. We have not
found these expressions in Refs. 1–3, 7, 11, and 12. As an
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2application of these additional Faxe´n relations, the dis-
placeability and rotateability matrices up to sixth order
in inverse interparticle separation distance are calculated
for a compressible or incompressible elastic environment.
They quantify the interactions between embedded rigid
spherical particles as mediated by the distorted environ-
ment, including three-body interactions. In the incom-
pressible situation, the hydrodynamic mobility matrices
as presented in Ref. 5 are formally recovered. The dif-
ference due to compressibility is demonstrated by exem-
plary induced interactions between paramagnetic spher-
ical particles embedded in an elastic environment, which
has already to lower order found application in the the-
oretical description of elastic magnetic gels [8, 13–16].
In Sec. II the Green’s function and its multipole ex-
pansion are presented. The displacement field around a
uniformly translated and rotated sphere is then calcu-
lated in Sec. III. In Sec. IV, the two Faxe´n laws beyond
the stresslet are derived. The displacement field around
a sphere that is both actively displaced and rotated by an
external force and/or torque, respectively, as well as by
a deformation of the surrounding medium is calculated.
Then, we determine the displaceability and rotateabil-
ity matrices in a compressible medium up to sixth or-
der in inverse interparticle distance in Sec. V together
with some simple examples that show the effect of com-
pressibility and of the additionally derived higher-order
contributions. We conclude in Sec. VI.
II. GREEN’S FUNCTION AND MULTIPOLE
EXPANSION
In linear elasticity theory, the displacement field u(r)
of an unbounded, homogeneous, and isotropic elastic
medium is in general described by the Navier–Cauchy
equation [6]
∇2u(r) + 1
1− 2ν∇∇ · u(r) +
1
µ
fb(r) = 0, (1)
with ν denoting the Poisson ratio, µ the elastic shear
modulus, and fb(r) a force volume density. From Eq. (1),
the relations
∇2∇ · u(r) = 0, (2)
∇4u(r) = 0, (3)
∇×∇2u(r) = 0 (4)
can be deduced for areas of constant or vanishing fb(r)
[9]. Equation (3) is also referred to as the biharmonic
equation.
The displacement field induced by a constant point
force F attacking at the origin, i.e., fb(r) = Fδ(r), can be
written in the form u(r) = G(r) · F. The corresponding
Green’s function G(r) is a symmetric second-rank tensor
and reads [6, 9]
G(r) =
1
16pi(1− ν)µr
(
(3− 4ν )ˆI + rˆrˆ
)
, (5)
with Iˆ denoting the identity matrix, r = |r|, rˆ = r/r, and
rˆrˆ representing a dyadic tensor. This solution satisfies
Eqs. (1)–(4).
In the case of a spatially extended, displaced rigid par-
ticle in an otherwise unperturbed elastic medium, the
displacement field can be written as
u(r) =
∫
∂V
dS′ G(r− r′) · f(r′), (6)
where r′ are the points on the particle surface ∂V and
f(r′) is the force surface density exerted by the parti-
cle onto the medium [9, 10]. Equation (6) follows from
Eq. (5) via the superposition principle due to the linearity
of the Navier–Cauchy equation. Thus, the displacement
field is solely induced by the translating and/or rotating
particle shell acting on the medium.
Switching to index notation and considering a particle
located around the origin at r = 0, the Taylor series of
G(r− r′) in r′ reads
Gij(r− r′) =
∞∑
n=0
(−1)n
n!
(r′ · ∇)nGij(r). (7)
Inserting this expression into Eq. (6) yields
ui(r) =
[
Fj −
(
Ajk + Sjk
)∇k + 1
2
Mjkl∇k∇l
−1
6
Njklm∇k∇l∇m + . . .
]
Gij(r), (8)
with the constant expansion tensors
Fj =
∫
∂V
dS′ fj(r′), (9)
Ajk =
∫
∂V
dS′
1
2
[
fj(r
′)r′k − fk(r′)r′j
]
, (10)
Sjk =
∫
∂V
dS′
1
2
[
fj(r
′)r′k + fk(r
′)r′j
]
, (11)
Mjkl =
∫
∂V
dS′ fj(r′)r′kr
′
l, (12)
Njklm =
∫
∂V
dS′ fj(r′)r′kr
′
lr
′
m. (13)
Stopping at this order, we here assume that the position r
at which the displacement field is evaluated is sufficiently
far away from the surface of the particle, parametrized
by r′.
In Eqs. (9)–(13), F is the total force acting on the
rigid particle, resulting, for example, from an external
potential. This force is transmitted to the surrounding
medium and leads to deformation. In a balanced sta-
tionary state, the medium presses back by a counteract-
ing elastic restoring force. Along the same lines, A is an
antisymmetric second-rank tensor that is related to the
total torque T acting on the particle from outside by
Tl = − ljkAjk, (14)
3(a) (b)
FIG. 1. (a) A force F uniformly translates a spherical shell ∂V
(depicted is a central cross-section). The corresponding force
surface density f(r′) ∼ F, represented by the small arrows,
is constant on all points r′ ∈ ∂V . (b) A torque T, attacking
at the center of the sphere and normal to the cross-sectional
plane, uniformly rotates the sphere. The corresponding force
surface density f(r′) ∼ T×r′ is tangential to the boundary of
the depicted cross section and there of constant magnitude.
with jkl denoting the Levi-Civita symbol, so that
T =
∫
∂V
dS′ r′ × f(r′). (15)
The symmetric second-rank tensor S is called stresslet
and would be related to possible deformations of the par-
ticle surface, if the particle were deformable. The same
applies to the third-rank tensor M, the fourth-rank ten-
sor N, and higher-order terms that are not considered
here.
III. DISPLACEMENT FIELD AROUND A
UNIFORMLY TRANSLATED AND ROTATED
RIGID SPHERE
We now consider a rigid spherical particle of radius a,
centered at r = 0, that is translated and rotated in the
elastic medium by a force F and a torque T, respectively.
The medium shall stick to the particle surface under no-
slip boundary conditions. Moreover, the displacement
field u(r) induced by the sphere shall vanish at infinite
distance from the particle. Thus, the boundary condi-
tions read
u(|r| → ∞) = 0, u(r ∈ ∂V ) = U + Ω× r, (16)
with U and Ω the translation and rotation of the particle,
respectively. Due to the linearity of the Navier–Cauchy
equation, we may consider the effect of F and T sepa-
rately and then, at the end, superimpose the solutions.
The integrals in this section are evaluated using [17]∫
∂V
dS′
2N∏
k=1
r′ik
=
4pia2(N+1)
(2N + 1)!
2N∑
k,l,m,n,...=1
all pairwise distinct
δikilδimin . . . , (17)
with N denoting the number of dyadics of r′ and all in-
dices ik (k = 1, . . . , N) being pairwise distinct. Only even
polyadics of r′ survive the integration over the isotropic
spherical surface. Therefore, all such integrals lead to
combinations of Kronecker deltas, see also Tab. I. Ac-
cordingly, the integrations in Eqs. (9)–(13) are performed
and the results are then inserted back into the right-hand
side of Eq. (8).
We start by considering only translations induced by
a force F imposed on the particle. Due to the linearity
of the problem, the force surface density f(r′) (r′ ∈ ∂V )
exerted by the sphere onto the medium scales linearly
with F, as therefore does the resulting displacement field
u(r). As a consequence, all contributing terms in Eq. (8)
must scale linearly in F. Obviously, the factors f(r′) in
the integrals of Eqs. (9)–(13) provide this scaling.
Since the solution of the Navier–Cauchy equation un-
der the given boundary conditions is unique, we may
continue by an appropriate ansatz for f(r′). If the re-
sult satisfies both the Navier–Cauchy equation and the
boundary conditions, we have found the correct solution.
For the translated sphere, displaced in response to a
net force F applied to it, the ansatz corresponds to a
uniform force surface density f(r′) = F/4pia2 (r′ ∈ ∂V )
as displayed in Fig. 1(a) [3]. Consequently, all contribu-
tions of uneven numbers of gradients in Eq. (8) vanish
because of the integration of an uneven number of fac-
tors r′ over the surface of the sphere, see, e.g., Eqs. (10),
(11), (13), and our comments above. Moreover, no even
orders higher than the one given by M may contribute,
because the Kronecker deltas resulting via Eq. (17) pair-
wise combine the gradients in Eq. (8) to Laplacian oper-
ators, which via Eq. (3) leads to vanishing terms. The
integral in Eq. (12) can then readily be evaluated using
Eq. (17) and Tab. I. As a result, we obtain the familiar
form [9, 10]
u(r) =
(
1 +
a2
6
∇2
)
G(r) · F. (18)
Inserting this expression into the Navier–Cauchy equa-
tion and testing the boundary conditions confirms this
solution and the chosen ansatz.
We now proceed along the same lines for a torque T
imposed on the particle. The force density for a uniform
rotation leads to the ansatz f(r′) ∼ T × r′ (r′ ∈ ∂V ),
see also Fig. 1 (b). Inserting this f(r′) into Eqs. (9)–
(13), only Eq. (10) leads to a nonzero result due to anti-
symmetry. The expressions in Eq. (13) and higher-order
terms vanish according to Eqs. (3) and/or (4) employed
in Eq. (8) together with Eq. (17). The resulting displace-
ment field reads
u(r) = − 1
2
(T×∇) ·G(r). (19)
Adding the two solutions, we obtain the overall dis-
placement field
u(r) =
(
1 +
a2
6
∇2
)
G(r) · F− 1
2
(T×∇) ·G(r). (20)
4Explicit calculation (see Tab. II) leads to
u(r) =
1
16pi(1− ν)µr
[(
3− 4ν + 1
3
(a
r
)2)
Iˆ
+
(
1−
(a
r
)2)
rˆrˆ
]
· F + 1
8piµ
T× r
r3
. (21)
Following the boundary conditions in Eq. (16), we find
U =
5− 6ν
24pi(1− ν)µaF, Ω =
1
8piµa3
T. (22)
IV. FAXE´N RELATIONS
Now we consider the opposite situation, in which a
given displacement field u0(r) in the elastic medium
translates and rotates a rigid spherical particle centered
at the origin. Then, we can reformulate the second ex-
pression in Eq. (16) as
U + Ω× r = u0(r) +
∫
∂V
dS′ G(r− r′) · f(r′), (23)
which must hold true for all r ∈ ∂V . The left-hand
side corresponds to the translations and rotations of the
points on the spherical surface shell, see Eq. (16). Due to
stick boundary conditions, these must be equal to the dis-
placement field of the surrounding elastic medium at all
surface points r, see the right-hand side of Eq. (23). How-
ever, the given displacement field u0(r) will in general not
be of a constant or antisymmetrically distributed form
over the whole surface. Thus, it would in general imply a
deformation of the spherical surface shell. This conflicts
with the assumed rigidity of the particle. Therefore, the
contributions in u0(r) that would lead to such impossible
deformations will be balanced by counteracting effects by
the particle itself. The displacement fields resulting from
these counteracting effects are represented by the addi-
tional integral term in Eq. (23). They are given by all
terms in Eq. (8) that do not contribute to Eq. (20), i.e.,
by an infinite series. Multiplying Eq. (23) by polyadics
of r and performing another integral over the surface of
the sphere, the expansion tensors in Eqs. (9)–(13) appear
from the integral term. Using the procedure described
below, explicit expressions are calculated for the third-
rank tensor M and the fourth-rank tensor N. Expres-
sions for U, Ω, and S were already calculated in Ref. 9
and read
U =
5− 6ν
24pi(1− ν)µaF +
(
1 +
a2
6
∇2
)
u0(r)
∣∣∣∣
r=0
, (24)
Ω =
1
8piµa3
T +
1
2
∇× u0(r)|r=0, (25)
S = −4pi(1− ν)µa
3
4− 5ν
(
1 +
a2
10
∇2
)[
1
1− 2ν Iˆ∇ · u0(r)
+
5
2
(
∇u0(r) +
(∇u0(r))T)]∣∣∣∣
r=0
, (26)
respectively (T denotes the transpose).
In order to calculate M as defined in Eq. (12), we insert
the series expansion of u0(r) around the origin (where the
sphere is centered),
u0,i(r) = u0,i(r = 0) + rp[∇pu0,i(r)]r=0
+
1
2!
rprq[∇p∇qu0,i(r)]r=0
+
1
3!
rprqrr[∇p∇q∇ru0,i(r)]r=0 + ..., (27)
into Eq. (23) and substitute the expression given in
Eq. (24) into U in Eq. (23). Then integrating over∫
∂V
dS rkrl, we obtain
0 =
4pia6
15
(
1 +
a2
14
∇2
)[
∇k∇l − 1
3
δkl∇2
]
u0,i(r)
∣∣∣∣
r=0
− (5− 6ν)a
3
18(1− ν)µFiδkl
+
∫
∂V
dS′
∫
∂V
dS rkrlGij(r− r′)fj(r′). (28)
Evaluation of the integral on the right-hand side yields
(see Appendix A)∫
∂V
dS′
∫
∂V
dS rkrlGij(r− r′)fj(r′)
=
a
210(1− ν)µ
{
3(13− 14ν)Mikl + 4Mnniδkl
−3(Mkil +Mlki +Mnnlδik +Mnnkδil)
}
+
a3
105(1− ν)µ {2(11− 14ν)Fiδkl + Fkδil + Flδik} , (29)
noting that Mikl = Milk, see Eq. (12). Reinserting
Eq. (29) into Eq. (28), we obtain
0 = Γjkl + 3(13− 14ν)Mjkl + 4Mnnjδkl
−3(Mkjl +Mljk +Mnnlδjk +Mnnkδjl), (30)
with
Γjkl = 2a
2
[
Fkδjl + Flδjk − (43− 42ν)
6
Fjδkl
]
+56(1− ν)piµa5
(
1 +
a2
14
∇2
)[
∇k∇l
−1
3
δkl∇2
]
u0,j(r)
∣∣∣∣
r=0
. (31)
Equation (30) is symmetric with respect to k ↔ l, but
not with respect to j ↔ k or j ↔ l. To solve Eq. (30) for
Mjkl, it is useful to decompose it into a symmetric and
a partially antisymmetric part. We define
MSjkl = Mjkl +Mkjl +Mlkj , (32)
MAjkl = Mjkl −Mkjl −Mlkj , (33)
so that Mjkl = (M
S
jkl +M
A
jkl)/2.
Symmetrizing and antisymmetrizing Eq. (30) accord-
ing to Eqs. (32) and (33), respectively, we obtain
5∫
∂V
dS′ = 4pia2∫
∂V
dS′ r′jr
′
k =
4pia4
3
δjk∫
∂V
dS′ r′jr
′
kr
′
lr
′
m =
4pia6
15
[δjkδlm + δjlδkm + δjmδkl]∫
∂V
dS′ r′jr
′
kr
′
lr
′
mr
′
nr
′
o =
4pia8
105
[δjk(δlmδno + δlnδmo + δloδmn)
+δjl(δkmδno + δknδmo + δkoδmn)
+δjm(δklδno + δknδlo + δkoδln)
+δjn(δklδmo + δkmδlo + δkoδlm)
+δjo(δklδmn + δkmδln + δknδlm)]∫
∂V
dS′r′jr
′
kr
′
lr
′
mr
′
nr
′
or
′
pr
′
q =
4pia10
945
[δjkδlmδnoδpq + all permutations]
TABLE I. Equation (17) for N = 0, 1, 2, 3 (from top to bottom).
16pi(1− ν)µ∇kGij = 1
r3
[−(3− 4ν)rkδij + rjδik + riδjk]− 3
r5
rirjrk
16pi(1− ν)µ∇2Gij = 2
r3
δij − 6
r5
rirj
TABLE II. Derivatives of the Green’s tensor, see Eq. (5).
MSjkl = −
1
33− 42ν
{
ΓSjkl − 2(Mnnjδkl +Mnnkδjl +Mnnlδjk)
}
, (34)
MAjkl = −
1
42(1− ν)
{
3MSjkl + Γ
A
jkl + 10Mnnjδkl − 4(Mnnkδjl +Mnnlδjk)
}
. (35)
Thus, solving Eq. (30) for Mjkl, from (M
S
jkl +M
A
jkl)/2 we obtain
Mjkl = − 1
84(1− ν)(11− 14ν)
{
(13− 14ν)ΓSjkl + (11− 14ν)ΓAjkl
+28(3− 4ν)Mnnjδkl − 14(5− 6ν)(Mnnkδjl +Mnnlδjk)
}
. (36)
Setting and summing over k = l in Eq. (36), we find the remaining unknown,
Mnnj =
a2
3
Fj +
4pi(1− ν)µa5
2− 3ν
{
1
3
∇2u0,j(r)−∇j∇ · u0(r)
}∣∣∣∣
r=0
. (37)
This finally leads us to
Mjkl =
a2
3
Fjδkl − 2piµa
5
3(11− 14ν)
(
1 +
a2
14
∇2
)[
2
(
2(6− 7ν)∇k∇lu0,j(r) +∇j∇ku0,l(r) +∇j∇lu0,k(r)
)
− 1
2− 3ν∇
2
(
2(7− 20ν + 14ν2)u0,j(r)δkl + (3− 4ν)(u0,k(r)δjl + u0,l(r)δjk)
)
− 1
2− 3ν
(
2(3− 4ν)δkl∇j − (5− 6ν)(δjl∇k + δjk∇l)
)
∇ · u0(r)
]∣∣∣∣
r=0
. (38)
The corresponding incompressible-creeping-flow hydrodynamic result is obtained by setting ∇ · u0(r) = 0 as well as
6ν = 1/2, and by replacing the shear modulus µ by the viscosity η,
Mhjkl =
a2
3
Fjδkl − piηa
5
3
(
1 +
a2
14
∇2
)[
5∇k∇lu0,j(r) +∇j∇ku0,l(r) +∇j∇lu0,k(r)
−∇2
(
u0,j(r)δkl + u0,k(r)δjl + u0,l(r)δjk
)]∣∣∣∣
r=0
, (39)
where u0(r) is interpreted as the flow field.
To obtain the fourth-rank tensor N, we substitute the expression from Eq. (25) into Eq. (23), use Eq. (4), insert
Eq. (27), and integrate over
∫
∂V
dS rkrlrm, yielding (see Appendix B)
0 = −(17− 18ν)Njklm +Nkjlm +Nljkm +Nmjkl +Nnnkmδjl +Nnnlmδjk +Nnnklδjm
−4
5
(Nnnjkδlm +Nnnjlδkm +Nnnjmδkl)− Γjklm, (40)
with
Γjklm =
4pi(1− ν)µa5
4− 5ν
(
1 +
a2
10
∇2
){
4(3− 4ν)
5(1− 2ν)∇ · u0(r)(δjkδlm + δjlδkm + δjmδkl)
−2[δjk(∇lu0,m(r) +∇mu0,l(r)) + δjl(∇ku0,m(r) +∇mu0,k(r)) + δjm(∇ku0,l(r) +∇lu0,k(r))]
+
44− 45ν
5
[
δkl(∇ju0,m(r) +∇mu0,j(r)) + δkm(∇ju0,l(r) +∇lu0,j(r)) + δlm(∇ju0,k(r) +∇ku0,j(r))
]}∣∣∣∣∣
r=0
+
24pi(1− ν)µa7
5
(
1 +
a2
18
∇2
){
∇k∇l∇m − 1
5
(δklδmn + δkmδln + δknδlm)∇2∇n
}
u0,j(r)
∣∣∣∣
r=0
+
9(1− ν)a2
5
[
δkljmn + δkmjln + δlmjkn
]
Tn. (41)
The formal solution of Eq. (40) reads
Njklm = − 1
36(1− ν)(7− 9ν) {3(5− 6ν)Γjklm + Γkjlm + Γljkm + Γmjkl}
+
1
10(1− ν)(7− 9ν){(4− 5ν)[Nnnlmδjk +Nnnkmδjl +Nnnklδjm]
−(3− 4ν)[Nnnjkδlm +Nnnjlδkm +Nnnjmδkl]} (42)
and can be obtained by manipulating the whole equation in agreement with the definitions
NSjklm = Njklm +Nkjlm +Nljkm +Nmjkl, (43)
NAjklm = Njklm −Nkjlm −Nljkm −Nmjkl, (44)
so that Njklm = (N
S
jklm +N
A
jklm)/2, similarly to the procedure for Mjkl. Nnnlm is obtained by setting and summing
over j = k in Eq. (42),
Nnnlm = − 5
18(7− 10ν)(8− 9ν){2(8− 9ν)Γnnlm + Γlmnn + Γmlnn} −
3− 4ν
(7− 10ν)(8− 9ν)Nnnooδlm. (45)
Moreover, from the trace of Eq. (45),
Nnnoo = − 1
13− 18νΓnnoo = −
8pi(1− ν)µa5
1− 2ν ∇ · u0(r)|r=0 = a
2Snn (46)
is found. Finally,
Njklm = −a
2
10
[
δkljmn + δkmjln + δlmjkn
]
Tn
−4pi(1− ν)µa
5
5(4− 5ν)
(
1 +
a2
10
∇2
)[
1
1− 2ν∇ · u0(r)(δjkδlm + δjlδkm + δjmδkl)
+
5
2
[
δkl(∇ju0,m(r) +∇mu0,j(r)) + δkm(∇ju0,l(r) +∇lu0,j(r)) + δlm(∇ju0,k(r) +∇ku0,j(r))
]]∣∣∣∣
r=0
+Bjklm, (47)
7with
Bjklm = − 2piµa
7
15(7− 9ν)
(
1 +
a2
18
∇2
){
3(5− 6ν)∇k∇l∇mu0,j(r) +∇j∇k∇lu0,m(r) +∇j∇l∇mu0,k(r)
+∇j∇k∇mu0,l(r)− 2(7− 9ν)
5
∇2(δkl∇m + δkm∇l + δlm∇k)u0,j(r)
− 1− 2ν
5(7− 10ν)∇
2
[
δkl(∇ju0,m(r) +∇mu0,j(r)) + δkm(∇ju0,l(r) +∇lu0,j(r)) + δlm(∇ju0,k(r) +∇ku0,j(r))
]
− (3− 4ν)
7− 10ν ∇
2
[
δjk(∇lu0,m(r) +∇mu0,l(r)) + δjl(∇ku0,m(r) +∇mu0,k(r)) + δjm(∇ku0,l(r) +∇lu0,k(r))
]
+
2
7− 10ν
[
(4− 5ν)(δjk∇l∇m + δjl∇k∇m + δjm∇k∇l)
−(3− 4ν)(δkl∇j∇m + δkm∇j∇l + δlm∇j∇k)
]∇ · u0(r)}
∣∣∣∣∣
r=0
. (48)
The corresponding result in incompressible low-Reynolds-number hydrodynamics is obtained for ∇ · u0(r) = 0, then
setting ν = 1/2, and replacing µ by η. It reads
Nhjklm = −
a2
10
[
δkljmn + δkmjln + δlmjkn
]
Tn
−2piηa
5
3
[[
δkl(∇ju0,m(r) +∇mu0,j(r)) + δkm(∇ju0,l(r) +∇lu0,j(r)) + δlm(∇ju0,k(r) +∇ku0,j(r))
]]∣∣∣∣
r=0
+Bhjklm, (49)
with
Bhjklm = −
4piηa7
75
(
1 +
a2
18
∇2
){
6∇k∇l∇mu0,j(r) +∇j∇k∇lu0,m(r) +∇j∇l∇mu0,k(r) +∇j∇k∇mu0,l(r)
−∇2(δkl∇m + δkm∇l + δlm∇k)u0,j(r)− 1
2
∇2[δjk(∇lu0,m(r) +∇mu0,l(r))
+δjl(∇ku0,l(r) +∇lu0,k(r)) + δjm(∇ku0,l(r) +∇lu0,k(r))
]}∣∣∣∣∣
r=0
. (50)
At this point, we add some brief remarks concerning our results. The M-tensor in Eq. (38) for setting and summing
over k = l becomes Mjnn = a
2Fj , which is in agreement with the definition in Eq. (12). Therefore, M consists
of two contributions: one resulting from the active displacement of the sphere by an external force F included by
Mjnn; the other because of the rigidity of the sphere, which leads to a passive resistance to deformations that would
be induced by the imposed matrix deformation u0(r). It is therefore natural to split up the corresponding term in
Eq. (8) accordingly, i.e.,
1
2
Mjkl∇k∇lGij(r) = a
2
6
Fj∇2Gij(r) + 1
2
(
Mjkl − 1
3
Mjnnδkl
)
∇k∇lGij(r). (51)
Together with the other force term in Eq. (8), FjGij(r), and in the absence of u0(r), the first term on the right-hand
side of Eq. (51) brings us back to Eq. (18) and confirms the result in Sec. III from another angle (the same applies to
the hydrodynamic case).
The N-tensor in Eq. (47) can be written in the more legible form
Njklm =
a2
5
(δklδmn + δkmδln + δknδlm)[Ajn + Sjn] +Bjklm. (52)
Since Bjknn = 0 (and also B
h
jknn = 0 in the hydrodynamic case), the correct contraction Njknn = a
2[Ajk + Sjk] is
obtained in accordance with the definition of N in Eq. (13). Inserting Eq. (52) into the corresponding term on the
right-hand side of Eq. (8), we thus find the identity
− 1
6
Njklm∇k∇l∇mGij(r) = − a
2
10
Sjk∇2∇kGij(r)− 1
6
Bjklm∇k∇l∇mGij(r), (53)
8where the antisymmetric contribution from Ajk vanishes due to Eqs. (4) and (14).
As a rule, expansion tensors of odd rank always contain the external force F, whereas the tensors of even rank
always contain the external torque T. However, from rank four on, these contributions to the resulting displacement
and rotation of the sphere vanish, if inserted into Eq. (8), because of Eqs. (2)–(4). For instance, in the rank-five tensor
beyond N in Eq. (8), the external force may appear in the form ∼ FIˆ Iˆ and permutations thereof. Upon contraction
with ∇∇∇∇G(r) the next-higher-order contribution in Eq. (8) either contains ∇2∇ · G(r) = 0 or ∇4G(r) = 0.
Therefore, all expansion tensors of higher rank than M only contribute to the rigidity-induced resistance of the sphere
to deformations.
Altogether, in differential form, the total displacement field around the sphere reads
ui(r) =
[
Fj
(
1 +
a2
6
∇2
)
+
1
2
jklTl∇k
]
Gij(r)
−
[
Sjk
(
1 +
a2
10
∇2
)
∇k − 1
2
(
Mjkl − 1
3
Mjnnδkl
)
∇k∇l + 1
6
Bjklm∇k∇l∇m − . . .
]
Gij(r), (54)
which is correct up to order (∇nu0(r)|r=0)r−m, with n,m ∈ N and n+m ≤ 6. The first square bracket expresses the
exact displacement field that is created by the rigid translation and rotation of the sphere due to an external force
F and torque T, respectively [9]. This here directly follows from the explicit analytical expressions for the tensors
M and N as derived above. The second square bracket contains the displacement field induced by the rigidity of the
sphere in resistance to deformations from any other distortion of the embedding elastic matrix given by u0(r). These
conclusions directly apply to incompressible low-Reynolds-number hydrodynamics as well.
V. MATRIX-MEDIATED INTERACTIONS
BETWEEN SPHERICAL INCLUSIONS
We now consider a system consisting of N identi-
cal rigid spheres of radius a centered at positions ri,
i = 1, 2, . . . , N , embedded under no-slip surface condi-
tions in the linearly elastic matrix. If external forces
and/or torques are applied to the particles, these forces
and/or torques are transmitted to the elastic environ-
ment, there leading to deformations, which in turn results
in matrix-mediated interactions between the particles [9].
These interactions can be calculated using the so-called
method of reflections. In principle, the method proceeds
by an expansion in the inverse interparticle distance. So
far, the matrix-mediated interactions have been calcu-
lated up to (including) fourth order for a compressible
linearly elastic matrix [9]. With the now-available M-
and N-tensors, we continue this iteration scheme up to
(including) the sixth order in the inverse interparticle
separation. We have described the principles of the un-
derlying scheme in detail in Ref. 9. Again, for incom-
pressible systems, an analogon exists for low-Reynolds-
number hydrodynamics.
To proceed along these lines, the displacement field
created by the force Fi and/or the torque Ti on the ith
spherical inclusion in the absence of any other sphere is
denoted as u
(0)
i (r). The resulting translation and rota-
tion of the sphere is referred to as U
(0)
i and Ω
(0)
i , respec-
tively, which according to Eq. (22) are given by
U
(0)
i =
5− 6ν
24pi(1− ν)µaFi, Ω
(0)
i =
1
8piµa3
Ti. (55)
Corrections to the overall translation Ui and rotation
Ωi of the ith sphere due to matrix-mediated interactions
between the spheres are taken into account by adding
them to U
(0)
i and Ω
(0)
i , respectively, in the form Ui =
U
(0)
i + U
(1)
i + . . . and Ωi = Ω
(0)
i + Ω
(1)
i + . . . . This
superposition works on the basis of the linearity of the
underlying equations. We can calculate these corrections
from the displacement fields
u
(0)
i (r) =
(
1 +
a2
6
∇2
)
G(r− ri) · F
−1
2
(Ti ×∇) ·G(r− ri), (56)
and from the displacement fields
u
(n)
k (r) =
N∑
j=1
j 6=k
[
− S(n)k (rkj) · ∇
+
1
2
(
M(n)
k
(rkj)− 1
3
Tr 2·3M(n)
k
(rkj )ˆI
)
: ∇∇
−1
6
N(n)
k
(rkj)
...∇∇∇
]
·G(r− rk), (57)
with n = 1, 2, 3, . . . , induced by the other spheres. By
the operator Tr 2·3 we imply contraction of the second
and third index of the third-rank tensor M(n)
k
. We apply
the Faxe´n relations, Eqs. (24) and (25), to the displace-
ment fields generated by the other spheres, so that the
corrections to the translation U
(0)
i and rotation Ω
(0)
i of
9a single sphere read
U
(n)
i =
N∑
k=1
k 6= i
(
1 +
a2
6
∇2
)
u
(n−1)
k (r)
∣∣∣∣
r=ri
, (58)
Ω
(n)
i =
N∑
k=1
k 6= i
1
2
∇× u(n−1)k (r)|r=ri , (59)
n ≥ 1. The displacement field u(0)i (r) is in this context
created directly by an external force Fi and/or an exter-
nal torque Ti. In Eq. (57), rkj = rk − rj ,
S
(n)
k (rkj)
= −4pi(1− ν)µa
3
4− 5ν
(
1 +
a2
10
∇2
)[
1
1− 2ν Iˆ∇ · u
(n−1)
j (r)
+
5
2
(
∇u(n−1)j (r) +
(∇u(n−1)j (r))T)]∣∣∣∣
r=rk
, (60)
see Eq. (26), and analogously for M(n)
k
(rkj) and
N(n)
k
(rkj), as obtained from Eqs. (38) and (47), respec-
tively. By the summations, many-particle interactions
are taken into account. In this way, expressions for Ui
and Ωi are obtained as functions of the inverse inter-
particle distances r−1ik , with k = 1, 2, . . . , N and k 6= i.
We here stop at order r−6ik . Thus, three-particle inter-
actions are involved (four-particle interactions start to
contribute only at order r−7ik ). That is, one particle gen-
erates a displacement field by deforming the surrounding
matrix, initiated by a force or torque imposed on this par-
ticle. A second particle resists the deformation implied
by the resulting deformation field, which is expressed by
the higher-order moments of its surface force density, see
Eqs. (11)–(13). Accordingly, a higher-order displacement
field is generated, see Eq. (57), to which a third parti-
cle (or again the first particle) is exposed. For rigidly
translated and/or rotated spherical inclusions, we thus
stop at the level of U
(2)
i and Ω
(2)
i . In the end, the effect
of the coupled matrix-mediated interactions between the
spheres can be written in the form of mathematical dis-
placeability and rotateability matrices. Thus, the total
translation and rotation of the ith particle to the given
order are obtained as
Ui =
N∑
j=1
[
Mttij · Fj + Mtrij ·Tj
]
, (61)
Ωi =
N∑
j=1
[
Mrtij · Fj + Mrrij ·Tj
]
, (62)
respectively, for i = 1, 2, . . . , N .
So far, the results up to (including) order r−4ij had been
calculated in Ref. 9. Our scope in the following subsec-
tions is to determine the contributions of the orders r−5ij
and r−6ij . The complete expressions for the displaceabil-
ity and rotateability matrices up to (including) order r−6ij
are for completeness listed as well.
A. Displaceability matrices
First, we consider the situation, in which the ith par-
ticle is rigidly displaced by an external force Fi. This
leads to the particle displacement U
(0)
i , see Eq. (55),
and induces the displacement field u
(0)
i (r) in the elastic
medium, see Eq. (56). The remaining contributions, to
complete the order r−6ik beyond the order r
−4
ik , see Ref. 9,
follow from the fields
u
(1)
k (r) =
N∑
j=1
j 6=k
[
− S(1)k (rkj) · ∇
+
1
2
(
M(1)
k
(rkj)− 1
3
Tr 2·3M(1)
k
(rkj )ˆI
)
: ∇∇
−1
6
N(1)
k
(rkj)
...∇∇∇
]
·G(r− rk), (63)
see Eq. (57).
Here, the tensors are calculated via Eqs. (26), (38), and (47) by inserting into Eq. (60) and analogously into the
corresponding expressions for M(1)
k
(rkj) and N
(1)
k
(rkj) the field u
(0)
j (r) obtained via Eq. (56). For S
(1)
k (rkj), we find
S
(1)
k (rkj) = −
1
4(4− 5ν)
a3
r2kj
[
3Iˆ rˆkj · Fj − 5(1− 2ν)(Fj rˆkj + rˆkjFj)− 15rˆkj rˆkj rˆkj · Fj + 8
(
a
rkj
)2 (
5rˆkj rˆkj rˆkj · Fj
−(Fj rˆkj + rˆkjFj + Iˆ rˆkj · Fj)
)]
. (64)
Therefore, the sixth-order contribution to U
(2)
i arising from the stresslet generated on particle k due to its resistance
to deformation in a displacement field generated by a force Fj acting on particle j is obtained from
−
(
1 +
a2
6
∇2
)(
S
(1)
k (rkj) · ∇
)
·G(r− rk)
∣∣∣∣
r=ri
(65)
10
as
M t0
3
8(4− 5ν)(5− 6ν)
{
5
(
a
rik
)4(
a
rjk
)2 [
2(1− 2ν)
(
5rˆikrˆik(rˆik · rˆjk)
−(ˆI (rˆik · rˆjk) + rˆikrˆjk + rˆjkrˆik))+ 15rˆikrˆjk(rˆik · rˆjk)2 − 6rˆjkrˆjk(rˆik · rˆjk)− 3rˆikrˆjk]
+8
(
a
rik
)2(
a
rjk
)4 [
2(1− 2ν)
(
5rˆjkrˆjk(rˆik · rˆjk)−
(ˆ
I (rˆik · rˆjk)
+rˆikrˆjk + rˆjkrˆik
))
+ 15rˆikrˆjk(rˆik · rˆjk)2 − 6rˆikrˆik(rˆik · rˆjk)− 3rˆikrˆjk
]}
· Fj , (66)
with M t0 = (5− 6ν)/24pi(1− ν)µa. (There is no fifth-order contribution involving S(1)k .)
Next, the M(1)
k
(rkj)-term is addressed. We find from
M
k(1)
jkl (r
kj)− a
2
3
F jj δkl (67)
in Eq. (38) to third order the contribution
1
6(11− 14ν)
a5
(rkj)3
{
− 105rˆkjj rˆkjk rˆkjl rˆkjm + (17− 28ν)δjm
(
δkl − 3rˆkjk rˆkjl
)
−5
(
δjkδlm + δjlδkm − 3δlmrˆkjj rˆkjk − 3δkmrˆkjj rˆkjl
)
+ 21
(
δjkrˆ
kj
l rˆ
kj
m + δjlrˆ
kj
k rˆ
kj
m + δklrˆ
kj
j rˆ
kj
m
)
+2
(
δjk(δlm − 3rˆkjl rˆkjm ) + δjl(δkm − 3rˆkjk rˆkjm ) + δkl(δjm − 3rˆkjj rˆkjm )
)}
F jm. (68)
Here, for better readability, we have shifted the particle indices to the superscript, which are not summed over, and
the coordinate indices to the subscript. Thus, we obtain to sixth order from
1
2
[(
M(1)
k
(rkj)− 1
3
Tr 2·3M(1)
k
(rkj )ˆI
)
: ∇∇
]
·G(r− rk)
∣∣∣∣
r=ri
(69)
the expression
M t0
1
8(5− 6ν)(11− 14ν)
(
a
rik
)3(
a
rjk
)3{
− 1575rˆikrˆjk(rˆik · rˆjk)3
−315(1− 4ν) [rˆikrˆik(rˆik · rˆjk)2 + rˆjkrˆjk(rˆik · rˆjk)2]
+27(43− 32ν)rˆikrˆjk(rˆik · rˆjk) + 54(9− 16ν)rˆjkrˆik(rˆik · rˆjk)− 3(29 + 4ν) [ˆrikrˆik + rˆjkrˆjk]
−9(61− 152ν + 112ν2)ˆI (rˆik · rˆjk)2 + (233− 536ν + 336ν2)ˆI
}
· Fj . (70)
As for N(1)
k
(rkj), we find via Eq. (53) and the stresslet in Eq. (64) that from −Nk(1)jklm(rkj)/6 only
− 1
8(4− 5ν)
a5
(rkj)2
{
3rˆkjj rˆ
kj
k rˆ
kj · Fj + (1− 2ν)[F jj rˆkjk + rˆkjj F jk ]
}
(71)
adds to our considered order. This leads to a sixth-order contribution from
− 1
6
[
N(1)
k
(rkj)
...∇∇∇
]
·G(r− rk)
∣∣∣∣
r=ri
(72)
of the form
M t0
9
8(4− 5ν)(5− 6ν)
(
a
rik
)4(
a
rjk
)2{
15rˆikrˆjk(rˆik · rˆjk)2 − 6rˆjkrˆjk(rˆik · rˆjk)− (5− 4ν)rˆikrˆjk
−2(1− 2ν)
[ (
Iˆ− 5rˆikrˆik
)
(rˆik · rˆjk) + rˆjkrˆik
]}
· Fj . (73)
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The additional rotation Ω
(2)
i up to (including) sixth order is obtained solely from the stresslet term and, via
Eqs. (59), (63), and (64), reads
Ω
(2)
i = M
r
0
15
4(4− 5ν)
N∑
j, k=1
k 6= i,j
a3
r3ikr
2
jk
{
(1− 2ν)
[
rˆik × Iˆ (rˆik · rˆjk) + (rˆik × rˆjk)rˆik
]
+ 3(rˆik × rˆjk)rˆjk(rˆik · rˆjk)
}
· Fj , (74)
with M r0 = 1/8piµ (there is only this additional fifth-order contribution up to the considered level).
In total, together with our previously derived expressions to fourth order [9], the sixth-order displaceability and
rotateability matrices for translation–translation and rotation–translation couplings, respectively, read
Mtti=j = M
t
0 Iˆ + M
tt(4,6)
ij , (75)
Mtti 6=j = M
t
0
3
2(5− 6ν)
a
rij
{(
4(1− ν)− 4
3
(
a
rij
)2)
rˆij rˆij +
(
3− 4ν + 2
3
(
a
rij
)2)
(ˆI− rˆij rˆij)
}
+ M
tt(4,6)
ij , (76)
M
tt(4,6)
ij = M
t
0
N∑
k=1
k 6= i,j
{
3
8(4− 5ν)(5− 6ν)
((
a
rik
)2(
a
rjk
)2 [
− 10(1− 2ν)
(
(1− 2ν)(ˆI (rˆik · rˆjk) + rˆjkrˆik)
+3(rˆik · rˆjk)(rˆikrˆik + rˆjkrˆjk)− rˆikrˆjk
)
+ 3
(
7− 4ν − 15(rˆik · rˆjk)2
)
rˆikrˆjk
]
+2
(
a
rik
)4(
a
rjk
)2 [
(1− 2ν)
(
40rˆikrˆik(rˆik · rˆjk)−
(
8Iˆ (rˆik · rˆjk) + 5rˆikrˆjk + 8rˆjkrˆik
))
+3
(
20rˆikrˆjk(rˆik · rˆjk)2 − 8rˆjkrˆjk(rˆik · rˆjk)− (5− 2ν)rˆikrˆjk
)]
+8
(
a
rik
)2(
a
rjk
)4 [
2(1− 2ν)
(
5rˆjkrˆjk(rˆik · rˆjk)−
(ˆ
I (rˆik · rˆjk)
+rˆikrˆjk + rˆjkrˆik
))
+ 15rˆikrˆjk(rˆik · rˆjk)2 − 6rˆikrˆik(rˆik · rˆjk)− 3rˆikrˆjk
])
+
1
8(5− 6ν)(11− 14ν)
(
a
rik
)3(
a
rjk
)3 (
− 1575rˆikrˆjk(rˆik · rˆjk)3
−315(1− 4ν) [rˆikrˆik(rˆik · rˆjk)2 + rˆjkrˆjk(rˆik · rˆjk)2]
+27(43− 32ν)rˆikrˆjk(rˆik · rˆjk) + 54(9− 16ν)rˆjkrˆik(rˆik · rˆjk)− 3(29 + 4ν) [ˆrikrˆik + rˆjkrˆjk]
−9(61− 152ν + 112ν2)ˆI (rˆik · rˆjk)2 + (233− 536ν + 336ν2)ˆI
)}
, (77)
and
Mrti=j = M
rt(5)
ij , (78)
Mrti 6=j = −M r0
rˆij
r2ij
× Iˆ + Mrt(5)ij , (79)
M
rt(5)
ij = M
r
0
15
4(4− 5ν)
N∑
k=1
k 6= i,j
a3
r3ikr
2
jk
{
(1− 2ν)
[
rˆik × Iˆ (rˆik · rˆjk) + (rˆik × rˆjk)rˆik
]
+ 3(rˆik × rˆjk)rˆjk(rˆik · rˆjk)
}
. (80)
B. Rotateability matrices
Likewise, an external torque Ti acting on the ith particle to zeroth order leads to a displacement field u
(0)
i (r) as
given by Eq. (56) and the particle rotation Ω
(0)
i as specified by Eq. (55). Overall, up to (including) order r
−6
ij , only
third-order parts of the stresslets S
(1)
k (rkj) contribute to U
(2)
i and Ω
(2)
i , which here according to Eqs. (56) and (60)
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are of the form
15(1− ν)
4(4− 5ν)
(
a
rkj
)3 {
rˆkjTj × rˆkj + Tj × rˆkj rˆkj
}
. (81)
They yield the additional contributions to the translation and rotation, respectively, of
U
(2)
i = −M r0
15
4(4− 5ν)
N∑
j, k=1
k 6= i,j
a3
r2ikr
3
jk
{
(1− 2ν)
[
rˆjk × Iˆ (rˆik · rˆjk) + rˆjk(rˆik × rˆjk)
]
+ 3rˆik(rˆik × rˆjk)(rˆik · rˆjk)
}
·Tj (82)
according to Eqs. (58) and (63), and of
Ω
(2)
i = M
r
0
45(1− ν)
4(4− 5ν)
N∑
j, k=1
k 6= i,j
a3
r3ikr
3
jk
{
(rˆik × rˆjk)(rˆik × rˆjk) + rˆjkrˆik(rˆik · rˆjk)− Iˆ (rˆik · rˆjk)2
}
·Tj (83)
according to Eqs. (59) and (63) (there is no sixth-order contribution to the translation resulting from an imposed
torque). We stress that the sixth-order contribution to the rotation is nonzero also for incompressible systems, i.e.,
for ν → 1/2.
In summary, the translation–rotation and rotation–rotation coupling matrices, together with our previously-derived
expressions to fourth order [9], are given by
Mtri=j = M
tr(5)
ij , (84)
Mtri 6=j = −M r0
rˆij
r2ij
× Iˆ + Mtr(5)ij , (85)
M
tr(5)
ij = −M r0
15
4(4− 5ν)
N∑
k=1
k 6= i,j
a3
r2ikr
3
jk
{
(1− 2ν)
[
rˆjk × Iˆ (rˆik · rˆjk) + rˆjk(rˆik × rˆjk)
]
+ 3rˆik(rˆik × rˆjk)(rˆik · rˆjk)
}
, (86)
and
Mrri=j = M
r
0
1
a3
Iˆ + M
rr(6)
ij , (87)
Mrri6=j = M
r
0
1
2r3ij
[
3rˆij rˆij − Iˆ
]
+ M
rr(6)
ij , (88)
M
rr(6)
ij = M
r
0
45(1− ν)
4(4− 5ν)
N∑
k=1
k 6= i,j
a3
r3ikr
3
jk
{
(rˆik × rˆjk)(rˆik × rˆjk) + rˆjkrˆik(rˆik · rˆjk)− Iˆ (rˆik · rˆjk)2
}
, (89)
respectively.
For all derived displaceability and rotateability matrices, the expressions of corresponding low-Reynolds-number
hydrodynamic mobility matrices for incompressible fluid flows are obtained by setting ν = 1/2 in the limit of an
incompressible environment and replacing µ by the hydrodynamic viscosity η. Previously, for such incompressible
fluid surroundings, the expressions for the hydrodynamic mobility matrices had been derived in a different way [5].
These expressions are recovered from ours for ν = 1/2.
C. Examples: Magnetic particles
We now present examples for two- and three-particle
systems. Specifically, the difference between particle in-
teractions through an elastic compressible or an incom-
pressible environment is illustrated, together with the ef-
fect of the higher-order terms. For simplicity, we assume
magnetic dipole–dipole interactions between N identical
particles embedded in an elastic medium, reminiscent of
the situation in ferrogels and magnetorheological elas-
tomers [18–21]. Corresponding magnetic dipole forces
are given by [22]
Fi = − 3µ0m
2
4pi
N∑
j=1
j 6=i
5rˆij(mˆ · rˆij)2 − rˆij − 2mˆ(mˆ · rˆij)
r4ij
,
(90)
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i = 1, . . . , N . Here, µ0 is the magnetic vacuum perme-
ability and m represents the magnetic dipole moment
that we assume to be identical for all particles (m = |m|,
mˆ = m/m). This can be achieved, for instance, by a
strong homogeneous saturating external magnetic field
B magnetizing the spherical particles [8], with the mag-
netic moments oriented along B. If particle displace-
ments occur, Eq. (90) should be evaluated with the mod-
ified particle distances considered [8]. An iterative nu-
merical loop is employed for this purpose to calculate
the final displacements [8], which in the regime of lin-
ear elasticity converges quickly. In the following, we set
µ0m
2/µa6 = 5 × 102. Moreover, all initial interparticle
center-to-center distances are set to 3a.
Assuming uniaxial magnetic anisotropy of the parti-
cles, magnetic torques are calculated from the idealized
Stoner–Wohlfarth model [9, 23, 24],
Ti =
8pia3
3
K(nˆi · Bˆ)nˆi × Bˆ. (91)
In this expression, Bˆ = B/|B| and nˆi represents the
nonpolar axis of magnetic anisotropy of the ith parti-
cle, rigidly anchored to the particle frame. We set the
anisotropy parameter K/µ = 1/3.
In Figs. 2–5, the xy-plane contains the particle cen-
ters. The external magnetic field is rotated counterclock-
wise within the plane (around the zˆ-axis). Particle dis-
placements and rotations due to the induced forces and
torques are shown for ν = 0.5, 0.3, and 0 (solid, dashed,
and dotted lines, respectively). It can be seen in all exam-
ples that the translational displacements get significantly
larger for decreasing ν, i.e., increasing compressibility of
the elastic environment. In Figs. 2 and 3, both forces
and torques are induced. The differences in the rotations
depicted for the different values of ν, both in Figs. 2 (c)
and in 3 (c), are very small and here hardly visible. This
is because the Poisson ratio does not enter the Mrtij- and
Mrrij-matrices below order r
−5
ij and r
−6
ij , see Eqs. (80) and
(89), respectively.
In Fig. 4, the particles do not feature an axis of mag-
netic anisotropy. Therefore, only forces are induced by
the magnetic field. Thus the rotations in Fig. 4 (c)
stem solely from the Mrtij-couplings, see Eqs. (78)–(80).
The pronounced ν-dependence partly originates from
the magnetic forces, which were calculated as described
above. Since for the lower considered values of ν the dis-
placements are larger, also the changes of the magnetic
forces can become larger in magnitude according to the
increased changes in the mutual particle distances. This,
in turn, affects the magnitudes of the induced rotations
via the Mrtij-matrices. Additionally, the higher-order con-
tributions from the M
rt(5)
ij -matrices, see Eq. (80), which
include three-particle interactions and which depend on
ν, are now more exposed. The particular shapes of the
rotation curves for ν = 0.5 are in fact to a larger ex-
tent affected by the M
rt(5)
ij -matrices. For smaller ν, the
lower-order Mrti6=j-matrices, see Eq. (79), here lead to
FIG. 2. Two-particle system (i = 1, 2) in the xy-plane, in
which both magnetic forces and torques are induced by a
strong external magnetic field of direction Bˆ rotated coun-
terclockwise in the xy-plane by an angle ϑ relatively to the
xˆ-axis, see Eqs. (90) and (91). (a) Sketch of the system con-
figuration. The double-headed arrows in the spheres indi-
cate the orientation of the magnetic anisotropy axes nˆi for
B = 0. (b) y-component of the particle displacements Ui.
The solid, dashed, and dotted lines represent Ui,y for Poisson
ratios ν = 0.5, 0.3, and 0, respectively. (c) z-component of
the particle rotations Ωi. Analogously, the solid, dashed, and
dotted lines show Ωi,z for ν = 0.5, 0.3, and 0, respectively. In
this case, the differences between the different curves are very
small, but finite, as stressed by the inset.
FIG. 3. The same as in Fig. 2, now with the anisotropy axis
of particle 2 initially tilted for B = 0 within the xy-plane by
45◦ with respect to the xˆ-axis.
more regular rotation curves. For comparison, the same
configuration as in Fig. 4 is repeated in Fig. 5, there
with permanent axes of magnetic anisotropy of the par-
ticles included. Thus, magnetic torques are additionally
induced. The rotations in Fig. 5 (c) are then again dom-
inated by the magnetic torques via the Mrri=j-matrices,
see Eq. (87).
Summarizing, we observe that compressibility can play
a significant role for the coupling of the translations and
rotations of rigid particles mediated by an embedding
elastic environment. This has at least two sources. First,
a compressible environment can allow for larger displace-
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FIG. 4. The same as in Fig. 2, now for a three-particle
system forming an isoscele triangle. Here, the particles do
not feature an inherent axis of anisotropy nˆi. Thus, only
magnetic forces are induced (all magnetic torques vanish).
(i, j, k) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)}.
FIG. 5. The same as in Fig. 4, but now again with inherent
axes of magnetic anisotropy nˆi included, oriented for B = 0
as indicated by the double-headed arrows in panel (a). Thus,
both magnetic forces and torques are induced.
ments of already a single particle on its own. The result-
ing larger displacements can lead to stronger interactions
between the particles. Second, the coupling via the envi-
ronment itself is affected directly, see the ν-dependence of
the expressions for the coupling matrices in Secs. V A and
V B. We note that the Poisson ratio enters the rotation–
translation and rotation–rotation couplings only at fifth
and sixth order, respectively. Therefore, in many cases
the corresponding effects associated with compressibility
of the elastic environment will be masked if torques are
imposed directly on each embedded particle.
D. Higher-order effects
Already during our derivation of the additional fifth-
(r−5ij ) and sixth- (r
−6
ij ) order contributions to the coupling
matrices in Secs. V A and V B, we have seen that qualita-
tively new features arise from these higher orders. Par-
ticularly, the rotation–translation, translation–rotation,
and rotation–rotation couplings now become explicitly
dependent on the compressibility of the embedding elas-
tic environment. These effects are absent up to (includ-
ing) the fourth order (r−4ij ) considered before [9].
To also obtain basic quantitative numbers on the typi-
cal role of the additional contributions of orders r−5ij and
r−6ij derived in Secs. V A and V B, we consider two min-
imal example situations. First, one rigid sphere is sub-
jected to a constant force F1 that pushes it towards an-
other rigid, nearby, “passive” sphere, see Fig. 6. Second,
one rigid sphere is rotated by a constant torque T1 in the
presence of another rigid, nearby, “passive” sphere, see
Fig. 7. In practice, such a situation could be realized, for
instance, by a configuration of two nearby rigid spherical
particles of equal size. However, the first one of them is
magnetic, the second one is not. Exposing the magnetic
sphere to a magnetic field gradient, it will be subject to
a net force [22], while already a homogeneous field mis-
aligned with an axis of internal magnetic anisotropy will
impose a torque, see Eq. (91). Here, we set |F1| = µa2
and |T1| = µa3. We reduce the distance r12 between
the centers of the two spheres and determine the devia-
tion of the solution up to (including) order r−612 derived
in Secs. V A and V B from the previously considered [9]
solution up to (including) order r−412 .
In both situations, the presence of the second, “pas-
sive” sphere affects the translation or rotation of the first
one because its rigidity opposes to deformations in the
environment generated by the first sphere. Accordingly,
part of the displacement field induced by the first sphere
is “reflected back” towards the latter. Concerning the
results depicted in Fig. 6 for the case of an imposed
force, this effect is included by the M
tt(4,6)
ij -matrices, see
Eq. (77). There are already fourth-order contributions
(r−412 ) of this kind, with further terms arising to sixth or-
der (r−612 ). Obviously, when decreasing the distances r12
towards 2a, the sixth-order contributions become more
pronounced. Moreover, for the considered values of the
Poisson ratio ν = 0, 0.3, and 0.5, the strongest relative
deviation between the sixth- and fourth-order solutions
is found for ν = 0.5, see Fig. 6 (c).
Turning to the situation of an imposed torque on the
first particle, see Fig. 7, no reflections of the kind de-
scribed above occur up to (including) the fourth order,
to which the rotation Ω1 of sphere 1 is independent of
r12, see Eq. (87). [Since there is no magnetic torque act-
ing on sphere 2, the Mrri 6=j-matrices given by Eq. (88)
do not contribute to Ω1.] Nevertheless, the presence of
the rigid second sphere is felt by the first sphere to sixth
order (r−612 ), see Eq. (89). Moreover, a slightly different
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FIG. 6. Two-particle system in the xy-plane, in which sphere
1 is pushed by a constant force F1 towards another rigid
but “passive” sphere. The latter passively contributes to the
net displacement of sphere 1 via the M
tt(4,6)
ij -matrices, see
Eq. (77), due to its rigidity “reflecting back” part of the dis-
placement field generated by sphere 1. (a) Sketch of the sys-
tem configuration. (b) The x-component of the displacement
U1 of particle 1 as a function of the center-to-center interpar-
ticle distance r12. Dashed lines represent the contributions
up to (including) order r−412 for each considered value of ν,
whereas the solid lines indicate the solution up to (including)
order r−612 . (c) The relative deviation of the sixth-order [O(6)]
from the fourth-order [O(4)] solution becomes pronounced for
the considered values ν > 0 and for r12 . 3a.
behavior is found for the different considered values of ν,
see Fig. 7 (b) and (c). The observed attenuation of the
z-component of Ω1 is most pronounced for ν = 0.5, and
it grows in magnitude when decreasing the interparticle
center-to-center distance r12 towards 2a.
Altogether, we observe in our examples that the
higher-order contributions derived above become increas-
ingly relevant when the Poisson ratio is growing from ν =
0 towards the limit of incompressibility of ν = 0.5. More-
over, the additional contributions notably grow when
decreasing the center-to-center interparticle distance be-
low approximately 3a. For larger interparticle distances,
fourth-order solutions for the particle displacements and
rotations appear to be already of a reasonable quantita-
tive precision [8, 13]. At some point, when the particles
come too close to each other, depending on the partic-
ular material and system investigated, induced hetero-
geneities around the particles [25] or nonlinear elastic ef-
fects [13] may become important.
VI. CONCLUSIONS
In summary, we have presented a modified route of cal-
culating both the classical solution of the displacement
field and the incompressible Stokes flow around a trans-
lated and rotated rigid sphere of no-slip surface condi-
tions in a surrounding possibly compressible linearly elas-
FIG. 7. The same as in Fig. 6, now with an external torque T1
instead of a force acting on particle 1. (b) Here, the fourth-
order solution up to (including) order r−412 of the z-component
of the rotation Ω1 of particle 1 as a function of the center-to-
center interparticle distance r12 equals the constant rotation
of an isolated sphere (dashed line). The solutions up to (in-
cluding) order r−612 (solid lines) show the effect of the presence
of the passive sphere 2 on the net rotation of particle 1 for
different values of the Poisson ratio ν. (c) Relative deviations
of the sixth-order [O(6)] from the fourth-order [O(4)] solutions
for Ω1,z again become pronounced for r12 . 3a.
tic solid or incompressible low-Reynolds-number fluid, re-
spectively. (The latter result formally follows from the
former by considering the limit of an incompressible sur-
rounding medium.) For this purpose, the displacement
field in an elastic environment has been expanded around
the spherical particle. Then an explicit ansatz has been
inserted for the surface force density as also presented,
e.g., in Ref. 3. Afterwards, we showed by explicit calcu-
lation that the ansatz renders the expansion finite.
Next, the two Faxe´n laws beyond the stresslet describ-
ing the reaction of the sphere to an imposed deformation
or flow field in its environment were derived, both for
linear elasticity theory (within a possibly compressible
elastic solid) and for low-Reynolds-number hydrodynam-
ics (within an incompressible fluid), respectively.
Based on these results, we calculated the displaceabil-
ity and rotateability matrices up to the sixth order in in-
verse particle separation distance, characterizing the par-
ticle interactions mediated by the surrounding compress-
ible elastic environment. Differences when compared to
the incompressible situation were demonstrated via ba-
sic example situations, together with a brief illustration
of the effects of the additional higher-order contributions
derived in the present work.
Our results will be important in the future, for in-
stance, to quantify to higher-order precision the prop-
erties and behavior of complex elastic composite ma-
terials and their response to external stimuli [13, 26–
28]. Since, frequently, in soft complex elastic compos-
ite or multi-component materials a pronounced nonlinear
stress-strain behavior is strongly dominated by interac-
tions resulting from the additional components [29, 30]
16
∫
∂V
dS(kˆ) Ψkl =
4pi
3
δkl∫
∂V
dS(kˆ) Ψklkˆmkˆn =
2pi
15
[4 δklδmn − (δkmδln + δknδlm)]∫
∂V
dS(kˆ) kˆikˆjΨklkˆmkˆn =
2pi
105
{
6 δkl(δijδmn + δimδjn + δinδjm)
−
[
δij(δkmδln + δknδlm) + δmn(δikδjl + δilδjk) + δik(δjmδln + δjnδlm)
+δjk(δimδln + δinδlm) + δkm(δilδjn + δinδjl) + δkn(δilδjm + δimδjl)
]}
∫
∂V
dS(kˆ) kˆikˆjΨklkˆmkˆnkˆokˆp =
2pi
945
{
8 δkl(δijδmnδop + all permutations)
−
[
δijδkmδlnδop + all permutations except for those containing δkl
]}
TABLE III. Here, Ψkl := (ϑˆkϑˆl + ϕˆkϕˆl)/2. For k = l, Ψkk = 1 and the results from Tab. I are recovered. In the first term
on the right-hand side of the last equation, all permutations of δijδmnδop are added (i.e., δijδmoδnp, δijδmpδno, and so on),
which makes in total 15 terms. The second term on this right-hand side is a superposition of all permutations of δijδkmδlnδop,
except for those containing δkl, thus in total 90 terms (altogether, the number of terms on the right-hand side is therefore
15 + 90 = 105).
and not necessarily by the nonlinear elasticity of the
purely elastic component, our results derived in the
framework of linear elasticity theory may to some extent
even serve to characterize more in detail the nonlinear
stress-strain behavior of such systems.
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APPENDIX A
The integral on the right-hand side of Eq. (28),∫
∂V
dS′
∫
∂V
dS rkrlGij(r− r′)fj(r′), (A.1)
can be solved by Fourier forth and back transform. The Fourier transform of the Green’s function reads [9]
G˜(k) =
1
µk2
[
Iˆ− 1
2(1− ν) kˆkˆ
]
, (A.2)
where we introduced the wave vector k, k = |k|, and kˆ = k/k. First, only the dS-integral is considered,
(2pi)3
∫
∂V
dS rkrlGij(r− r′) =
∫
∂V
dS
∫
R
d3k
1
µk2
[
δij − 1
2(1− ν) kˆikˆj
]
rkrle
ik·(r−r′). (A.3)
Using the identity
rkrle
ik·r = −∇kk∇kl eik·r, (A.4)
where
∇kl = kˆl
∂
∂k
+ ϑˆl
1
k
∂
∂ϑ
+ ϕˆl
1
k sin(ϑ)
∂
∂ϕ
, (A.5)
and ∫
∂V
dS eik·r = 4pia2
sin(ka)
ka
, (A.6)
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we obtain∫
∂V
dS rkrlGij(r− r′)
= − a
2
2pi2µ
∫
∂V
dS(kˆ)
[
δij − 1
2(1− ν) kˆikˆj
] ∫ ∞
0
dk e−ik·r
′
{
kˆkkˆl
d2
dk2
+ (ϑˆkϑˆl + ϕˆkϕˆl)
1
k
d
dk
}
sin(ka)
ka
. (A.7)
After solving the dk-integral, only the part even in kˆ can survive the subsequent dS(kˆ)-integral. Thus, the limits of
integration may here be rewritten as
∫∞
0
dk = 12
∫
R dk. With
1
2
∫
R
dk
1
k
e−ikkˆ·r
′ d
dk
sin(ka)
ka
=
pi
4a
(kˆ · r′)2 − pia
4
, (A.8)
1
2
∫
R
dke−ikkˆ·r
′ d2
dk2
sin(ka)
ka
= − pi
2a
(kˆ · r′)2, (A.9)
for −1 < kˆ · r′/a < 1, which can be obtained by Mathematica [31] as well as by partial integration and further
proceeding as outlined in the appendices of Refs. 3 and 9, respectively, Eq. (A.7) becomes∫
∂V
dS rkrlGij(r− r′)
=
a
4piµ
∫
∂V
dS(kˆ)
[
δij − 1
2(1− ν) kˆikˆj
]{
kˆkkˆlkˆmkˆnr
′
mr
′
n +
1
2
(ϑˆkϑˆl + ϕˆkϕˆl)a
2 − 1
2
(ϑˆkϑˆl + ϕˆkϕˆl)kˆmkˆnr
′
mr
′
n
}
. (A.10)
Evaluation with the help of Tabs. I and III directly leads to Eq. (29).
APPENDIX B
The same procedure as in Appendix A is applied to evaluate the integral∫
∂V
dS′
∫
∂V
dS rkrlrmGij(r− r′)fj(r′), (A.1)
now using the identity
rkrlrme
ik·r = i∇kk∇kl ∇kmeik·r. (A.2)
This leads to∫
∂V
dS rkrlrmGij(r− r′)
= i
a2
2pi2µ
∫
∂V
dS(kˆ)
[
δij − 1
2(1− ν) kˆikˆj
] ∫ ∞
0
dk e−ik·r
′
{
kˆkkˆlkˆm
d3
dk3
+(kˆkϑˆlϑˆm + kˆkϕˆlϕˆm + ϑˆkϑˆlkˆm + ϑˆkkˆlϑˆm + ϕˆkϕˆlkˆm + ϕˆkkˆlϕˆm)
(
1
k
d2
dk2
− 1
k2
d
dk
)}
sin(ka)
ka
. (A.3)
As in Appendix A, we may equivalently use
∫∞
0
dk = 12
∫
R dk here. Integrating by parts, we find
1
2
∫
R
dk e−ikkˆ·r
′ d3
dk3
sin(ka)
ka
=
1
2
i(kˆ · r′)
∫
R
dk e−ikkˆ·r
′ d2
dk2
sin(ka)
ka
, (A.4)
1
2
∫
R
dk e−ikkˆ·r
′
(
1
k
d2
dk2
− 1
k2
d
dk
)
sin(ka)
ka
=
1
2
i(kˆ · r′)
∫
R
dk e−ikkˆ·r
′ 1
k
d
dk
sin(ka)
ka
. (A.5)
The remaining integrals are the same as in Eqs. (A.9) and (A.8), respectively. Altogether, we obtain∫
∂V
dS rkrlrmGij(r− r′)
=
a
4piµ
∫
∂V
dS(kˆ)
[
δij − 1
2(1− ν) kˆikˆj
]{
kˆkkˆlkˆmkˆnkˆokˆpr
′
nr
′
or
′
p
+
1
2
(ϑˆkϑˆl + ϕˆkϕˆl)kˆmkˆnr
′
na
2 +
1
2
(ϑˆkϑˆm + ϕˆkϕˆm)kˆlkˆnr
′
na
2 +
1
2
(ϑˆlϑˆm + ϕˆlϕˆm)kˆkkˆnr
′
na
2
−1
2
(ϑˆkϑˆl + ϕˆkϕˆl)kˆmkˆnkˆokˆpr
′
nr
′
or
′
p −
1
2
(ϑˆkϑˆm + ϕˆkϕˆm)kˆlkˆnkˆokˆpr
′
nr
′
or
′
p −
1
2
(ϑˆlϑˆm + ϕˆlϕˆm)kˆkkˆnkˆokˆpr
′
nr
′
or
′
p
}
, (A.6)
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finally resulting in Eq. (40) after evaluation of the integrals using Tabs. I and III.
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